Neveu-Schwarz and operators algebras I 
Vertex operators superalgebras 

Sebastien Palcoux 

Abstract 

This paper is the first of a series giving a self-contained way from 
the Neveu-Schwarz algebra to a new series of irreducible subfactors. 
Here we present an elementary, progressive and self-contained approch 
to vertex operator superalgebra. We then build such a structure from 
the loop algebra Lq of any simple finite dimensional Lie algebra q. The 
Neveu-Schwarz algebra 53iti/2 emerges naturally on. As application, 
we obtain unitary actions of QJiti/2 on the unitary series of Lq. 
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1 Introduction 

1.1 Background of the series 

In the 90's, V. Jones and A. Wassermann started a program whose goal is 
to understand the unitary conformal field theory from the point of view of 
operator algebras (see [5], [16]). In [17], Wassermann defines and computes 
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the Connes fusion of the irreducible positive energy representations of the 
loop group LSU{n) at fixed level £, using primary fields, and with conse- 
quences in the theory of subfactors. In [14] V. Toledano Laredo proves the 
Connes fusion rules for LSpin(2n) using similar methods. Now, let Diff(§ 1 ) 
be the diffeomorphism group on the circle, its Lie algebra is the Witt alge- 
bra QU generated by d n (n e Z), with [d m ,d n ] = (m — n)d m+n . It admits a 
unique central extension called the Virasoro algebra QJir. Its unitary positive 
energy representation theory and the character formulas can be deduced by 
a so-called Goddard-Kent-Olive (GKO) coset construction from the theory 
of LSU{2) and the Kac-Weyl formulas (see [18], [2]). In [10], T. Loke uses 
the coset construction to compute the Connes fusion for QJir. Now, the Witt 
algebra admits two supersymmetric extensions 2Uo and 2Hi/2 with central 
extensions called the Ramond and the Neveu-Schwarz algebras, noted QJir 
and 2Jiti/ 2 . 

In this series (this paper, [11] and [12] ), we naturally introduce QJiti/2 
in the vertex superalgebra context of L5I2, we give a complete proof of the 
classification of its unitary positive energy representations, we obtain directly 
their character; then we give the Connes fusion rules, and an irreducible finite 
depth type Hi subfactors for each representation of the discrete series. Note 
that we could do the same for the Ramond algebra 2Jito, using twisted vertex 
module over the vertex operator algebra of the Neveu-Schwarz algebra QJiti/2, 
as R. W. Verrill [15] and Wassermann [19] do for twisted loop groups. 

1.2 Overview of the paper 

First, we look unitary, projective, positive energy representations of 2Ui/2- 
The projectivity gives 2-cocycles, so that 2Ui/2 admits a unique central ex- 
tension QJiti/2- Such representations are completely reducible, and the irre- 
ducibles are given by the unitary highest weight representations of QJiri/2: 
Verma modules V(c, h) quotiented by null vectors, in no-ghost cases. 

From the fermion algebra on H = J-'ns, we build the fermion field ip(z). 
Locality and Dong's lemma permit, via OPE, to generate a set of fields S, so 
that there is a 1 — 1 map V : H — > <S, with Id = V(Q) and a Virasoro field 
L = V(ou). Then, we give vertex operator superalgebra's axioms, permitting 
to come so far, in a general framework (H, V, Q, ou), with H prehilbert. 

Let q a simple finite-dimensional Lie algebra, g + the g-boson algebra 
(central extension of the loop algebra Lg) and g_ the jj-fermion algebra. 
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We build a module vertex operator superalgebra from = 0+ x 0- on H = 
L(V X J)®T NS , so that QJit 1/2 acts on with (c, h) = (§ • ^Mdim{o), 
with (yf the dual Coxeter number and cy x the Casimir number. 

1.3 The Neveu-Schwarz algebra 

We start with QU1/2, the Witt superalgebra of sector (NS): 



together with d* n = cL n and 7^ = 7_ m ; we study representations which are: 

(a) Unitary: Ti(Af = ir(A*) 

(b) Projective: A^--n(A) is linear and [11(A), n(B)] -n([A,B]) G C. 

(c) Positive energy : H admits an orthogonal decomposition H = ®„ e i N H n 
such that 3D acting on H n as multiplication by n, H 7^ {0}, dim(iJ n ) < +00 
Here, 3h G C such that D = n(d ) — hi. 

Now, the projectivity gives the 2-cocycles and we see that iJ 2 (2#i/2, C) is 
1-dimensional, QU1/2 admits a unique central extension up to equivalence: 



with L* n = L^ n , G* m = G^ m and C = cl, c G C called the central charge. 
The representations are completely reducible, the irreducibles are determined 
by the two numbers c, h, and are completely given by unitary highest weight 
representations of QJiti/2, described as follows: The Verma modules H = 
V(c,h) are freely generated by: / fl G (cyclic vector), CO. = cQ , 
L tt = hil and QJir+ /2 fi = {0}. Now, (fi,ft) = 1, ir(A)* = ir(A*) and 

(u,v) = (v,u) give the sesquilinear form (.,.). V(c,h) can admit ghost: 
(u,u) < 0, and null vectors: (u,u) = . In no ghost case, the set of null 
vectors is K(c, h) the kernel of (., .), the maximal proper submodule. 
Let L(c, h) = V(c, h)/K(c, h), the unitary highest weight representations. 
Theorem 1.2 of [11] will be proved classifying no ghost cases. 




-)• # 2 (2Ui/2, C) -)• QJiti/a -)• fflJi/2 -)• 
2Jiti/ 2 is the SuperVirasoro (of sector NS) or Neveu-Schwarz algebra: 
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1.4 Vertex operators superalgebras 

Our approch of vertex operators superalgebras is freely inspired by the fallow- 
ings references: Borcherds [1], Goddard [3], Kac [9]. We start by working on 
the femion algebra: [ip m , ip n }+ = &m+nl and ip* = ip_ n (m,n 6 Z+|). As 
for 2Ui/2, we build its Verma module H = J^ns and the sesquilinear form (.,.), 
which is a scalar product. H is a prehilbert space, the unique unitary high- 
est weight representation of the fermion algebra. Let the formal power series 
= Snez ' ? /W±' 2 ~ n ~ 1 called fermion field. We inductively defined opera- 
tors D giving positive energy structure [D, ip] = z.ip' + ^ip ) and T giving 
derivation ([T, ip] = ip'). We compute (i/j(z)ip(w)fl, Q) = (\z\ > \w\), 
which permits to prove inductively an anticommutation relation shortly writ- 
ten as: ip(z)if}(w) = —ip(w)ip(z). We define this relation in a general frame- 
work as locality: Let H prehilbert space, and let A G (EndH)[[z, z -1 }] formal 
power series of the form A(z) = Ylnez A(n)z~ n ~ 1 with A(n) G End(H) . 
Such fields A and B are local if 3s G Z 2 , 3iV G N such that Vc, d G H, 
3X(A, B, c, d)E(z- w)-"^* 1 , w* 1 ] such that: 



X(A B c d)(z w)-l (Mz)B(w)c,d) if \z\ > \w\ 
A{A,B,c,d){z,w)-^ ( _ 1)£(jB(w)A( ^ C)rf) ii \ w \ > \ z \ 



Now, using locality and a contour integration argument, we can explicitly 
construct a field A n B from A and B, with (A n B)(m) = 

Y: n p =o(- 1 ) P ^[A(n-p),B(m + p)} £ if n > 

E peN C?-n-i(^(" - PM m +P)~ (-l) £+n B(m + n- p)A(p)) if n < 

We obtain the operator product expansion (OPE) shortly written as 
A(z)B(w) ~ E^q 1 i and by an other contour integration argument: 



[A(m),B(n)} £ 



Ep=o C? n (A P B) (m + n-p) if m > 



YZ^(-lYC%^_ 1 (A p B)(m + n-p) if m < 



Thanks to Dong's lemma, the operation (A, B) \-¥ A n B permits to generate 
many fields. To have a good behaviour, we define a system of generators as: 
{Ax,..., A r } C (EndH^faz- 1 ]] with D,T G End(H), E H such that: 
(a) Wi,j Ai and A,- are local with N = iV^ and £ = = £&.£,•_,■ 
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(b) Vi [T, Ai] = A\ 

(c) H = neN+ i for D, dim(H n ) < oo 

(d) Mi [D, Ai] = z.A\ + with a^N + f 

(e) tt G H , \\tt\\ = 1, and Vi Vm G N, A;(to)Q = Dfi = TO = 

(f) ^4 = {Ai(m),Vi Vto G Z} acts irreducibly on H, so that < A> .VL = H 
Hence, we generate a space S, with V : H — > S a state-field correspondence 
linear map. V(a)(z) is noted V(a,z) and V(a, z)Q\ z=0 = a. 

Now, {ip} is a system of generator, we generate 5 and the map V with ^(z) = 
Vty_in,z); but, VWV'W ~ 7^ + 2L(w), with L(z) = £ n6Z i^- 2 = 
\il)-2i>{z) = V(u, z) with u = ^ip_3ip_iQ. Then, using OPE and Lie bracket, 
we find that D = L Q , T = L_i, L(z)Uw) ~ + ^4 + and 

± ' v / V / (z— wp (z—wy (z—w) ) 

[L m ,L n ] = (to - n)L m+n + y|to(to 2 - l)5 m+n with c = 2||L_ 2 ^|| 2 = §, the 
central charge. As corollary, QJir acts on H = J^ns, and admits its unitary 
highest weight representation L(c,h) = L(|,0) as minimal submodule con- 
taining f2. We call u £ H the Virasoro vector, and L the Virasoro field. 
We are now able to define vertex operators superalgebras in general. 
A vertex operator superalgebra is an (H, V, Q, uj) with: 

(a) H = Hq® H\ a prehilbert superspace. 

(b) V : H — > (EndH)[[z, z^ 1 ]] a linear map. 

(c) Q, u G H the vacuum and Virasoro vectors. 

Let S £ = V(H e ), S = S- ®Si and A(z) = V(a, z) = £ neZ A(n) Z - n -\ 
then (if, V, f2, ui) satisfies the followings axioms: 

(1) Vn GN.VAe S, A(n)Q = 0, V(a, z)Q\ z=0 = a, and V(Q, z) = Id 

(2) A = {A(n)\A eS,neZ} acts irreducibly on H, so that A.Cl = H. 

(3) MA G «S ei , MB G S £2 , A and B are local with e = Ei.e 2 , A n B G S £l+£2 

(4) V(u,z) = Y.nez L n z ~ n ~ 2 , [L m ,L n ] = (m-n)L m+n + ^-m(m 2 -l)5 m+n 

(5) H = neN+ i H n for L , dim(H n ) < oo and H £ = neN+ * H n 

(6) [L , V(a, z)\ = z.V'(a, z) + a.V(a, z) for a G H a 

(7) [L_i, V(a, 2)] = V"(a, *) = V(L_i.a, z) G 5 

As corollaries, we have that a system of generators, generating a Virasoro 
field L G S, with D = L and T = L_i, generates a vertex operator superal- 
gebra; the fermion field tp and the Virasoro field L generate one, each; and 
we prove the Borcherds associativity: V(a, z)V(b, w) = V(V(a, z — w)b, w). 
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1.5 Vertex g-superalgebras and modules 



Let g be a simple Lie algebra of dimension N, a basis (X a ), well normalized 
(see remark 4.2), such that [X a ,X b ] = iY. c T ab X c with T c ab G R totally 
antisymmetric. Let its dual coxeter number g —\ ^ad^ac) 2 '- 
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For example, g — A\ — s^, dim(g) = 3 and g = 2. 

Let 0+ the g-boson algebra: [X^X*] = [X a ,X b ] m+n + m5 ab 5 m+n .C, unique 
central extension (by C) of the loop algebra Lq = C°°(S 1 ,g) (see [18] p 
43). The unitary highest weight representations of $j + are H = L(V\,£), with 
I G N such that CQ = £Q (the level of H), Hq = V\ irreducible representation 
of g such that (A, 6) < £ with A the highest weight and 9 the highest root 
(see [18] p 45). The category ^ of representations for fixed £ is finite. For 
example g = st 2 , H = L(j,£), with V\ = Vj representations of spin j < |. 

We define the g-fermion algebra g_ and the fermion fields, composed by 
N fermions; and as for N — 1, we generate a vertex operator superalgebra, 
but now, it contains g-boson fields (S a ) whose related algebra is represented 
with L(Vo,g); and thanks to g_ vertex background, the fields (S a ) generate a 
vertex operator superalgebra; by this way, we are able to generate one, from 
g + and H = L(Vo,£), V£ G N. Remark that because of the vacuum axiom, 
the vertex structure need to take V\ = Vo trivial representation; in general, 
we have vertex modules (see further). 

Now, let g = g + k g_ the g-supersymmetric algebra; we prove it ad- 
mits H = L(V\,£) ® Ffjg as unitary highest weight representations. We 
generate a vertex operator superalgebra, with a Virasoro field L, and also a 
SuperVirasoro field G, which gives the supersymmetry boson-fermion: Let 
B a = X a + S a boson fields of level d = £ + g, then: 

WW~^ and f(,)GW~^g. 

Finally, from H x = L{V\, £) ®J-% S , we define the vertex module (H x , V x ) 
over (H°, V, f2, u), and we prove that QJiti acts unitarily on H x and admits 
L(c, h) as minimal sub module containing the cyclic vector Q x , with 
c = I ■ -jf^dim(g), h = ? and cy A the Casimir number of V\. 
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2 The Neveu-Schwarz algebra 

2.1 Witt superalgebras and representations 

Definition 2.1. A Lie superalgebra is a Z 2 -graded vector space = D q © D \, 
together with a graded Lie bracket [., .] : t) x D — > D, such that [., .] is a bilinear 
map with [Oi,dj] C d i+ j, and for homogeneous elements 

x ed x , Y ed y , z e d z .- 

. [X,Y] = -(-\)*»%X] 

. (-iy z [x, [Y,z\\ + (-iyy[Y, [z,x\\ + (-iy*[z, [x,y\\ = o 

Definition 2.2. The Witt algebra 22J is the Lie -k-algebra of vector fields on 
the circle, generated by d n = ie l6n ^ (n 6 Z). 

Remark 2.3. 2U admits two super symmetries extensions, 2Bo the Ramond 
sector (R) and 22Ji/2 the Neveu-Schwarz sector (NS) ((see [8], [4] chap 9). 

Here, we trait only the (NS) sector. 

Definition 2.4. Let = QU1/2 £/ie Witt superalgebra with: 

[d m , d n ] = (m — n)d m+n 

[7m,7n]+ = 2d m+ „ 

together with the -k-structure, d* = d- n and 7^ = 7_ m7 and 
the super- structure: O = 22J = neZ Cd n , = meZ+1/2 C7 m 

Now we investigate representations 7r of 2Ui/2, which are : 

Definition 2.5. Le£ H be a prehilbert space. 

(a) Unitary: tt(A)* = n(A*) 

(b) Projective: A h->- tt(A) Zmear and [7r(A), 7r(S)] - tt([A,B}) G C. 

(c) Positive energy : H admits an orthogonal decomposition H = ® n6 i N id n 

snc/i £/ia£ ; 3D acting on H n as multiplication by n, H 7^ {0} and 
dim(H n ) < +00. Here, 3h G C suc/i £/ierf -D = 7r(<io) — hi. 
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2.2 Investigation 

Definition 2.6. Let b : 2Ui/ 2 x 2Ui/ 2 C be the bilinear map defined by 

[ir(A), n(B)} - n([A, B]) = b(A, B)I (b is a 2-cocycle) 

Definition 2.7. Let f : 2Bi/2 C be a ^-linear form, 
df = (A,B) ^ f([A, B]) is a 2-coboundary. 

Remark 2.8. A h-> 7r(A) + f(A)I define also a projective, unitary, positive 
energy representation, where b(A,B) becomes b(A,B) — f([A, B]). 

Proposition 2.9. (SuperVirasoro extension) 22Ji/2 has a unique central ex- 
tension, up to equivalent, i.e. iJ2(2Bi/2, C) is 1- dimensional. This extension 
admits the basis (L n ) ne i, (G m ) meIi+ i, C central, with L* n = L_ n; G* m = G- m , 
C = cl , c G C called the central charge; and relations: 

[L m , L n ] = (m - n)L m+n + ^(m 3 - m)5 m+n 
[G m , L n \ = (m — 7})G m+n 
[Gm, G n ] + = 2L m+n + -g (m 2 — -£)5 m+n 

Proof. 

Let L n = ir(d n ) and G m = vr(7 m ) then: 

[L m , L n ] = (m - n)L m+n + b(d m , d n )I 

[G m , L n ] = (m - § )G m+n + 6(7™ , d n )I 

[G m , G n ] + = 2L m+n + 6(7™, 7„)J 
In particular: 

[L , L n \ = -nL n + b(do, d n )I 

[Lo, G n ] = -nG n + b(d , ^ n )I 

[Li, L_ ± ] — 2L + b(di, d_i)I 

We choose : 
f(d n ) = -n~ l b(dQ,d n ) 

film) = -m- 1 6(rf ,7 m ) 
/(do) = i6(di,d_i) 
Then, after adjustment by /: 
[Lo, L n ] = —nL n 
[Lo, G n ] = —nG n 
[L 1 ,L. 1 ] = 2L 
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Now D = Lq — hi and if v e H k , Dv = kv, then: 
DL n v = L n Dv + [D, L n ]v = kL n v + [L , L n ]v = (k - n)L n v 
So, L n : H k ->■ H k _ n (= {0} if n > k ). 
Similary, G m : H k ^ H k _ m , then: 

[L m , L n ] — (m — n)L m+n : H m+n+k — > H k 
[G m , L n ] — (m — 7j)G m+n : H m+n+k — > ifj. 
[G m , G n ]+ — 2L m+n : H m+n+k — > 

But b(d m ,d n )I, b("/ m ,d n )I, b(^ m ,^y n )I : H m+n+k ->■ H m+n+k , so: 

6(d m , d n ) = A(m)5 m+n 

&(7to; ^n) = B(m)8 m+n = because 0^Z + l/29m + n 
&(7m,7n) = C(m)<5 m+n 

Now, on 2U = Og, &(A -B) = -K- 6 ,- 4 ), so > = --A(-m) and A(0) = 0, 

and Jacobi identity implies &(L4, £], C)+&([S, C], A)+6([C, A], 5) = 0, then, 
for d k , d n , d m with /c + n + m = : 

(n - m)A(k) + (m - k)A(n) + (k - n)A(m) = 

Now, with k = 1 andm = -n-1, (n-l)A(n+l) = (n+2)A(n)-(2n+l)A(l). 

Then A(n) is completely determined by the knowledge of A(l) and A(2), and 

so, the solutions are a 2-dimensional space. 

Now, n and n 3 are solutions, so A(n) = a.n + b.n 3 . 

Finally, because [L ± , L_i] = 2L , A(l) = and a + 6 = 0, we obtain: 

A{n) = b(n 3 — n) = — {n 3 — n), c G C the central charge. 
X 2 

Process 2.9. 

[[A, B] + , C] = [A, [B, C}} + + [B, [A, C]] + then: 

[[G>, G s ]+, X/n] = [G r , [G s , + [Gf s , [G r , L n \\ + 

= [2L r+s , L n \ = [G r , (s — ^n)G n+s ] + + [G s , (r — ^n)G n+r \ + 

— 2(r + s — n)L r+s+n — <5 r+s _|_ n |(n 3 — n) 

= (s — g ri) (2L r _|_ s _|_ n + C(r)5 r+s+ „) — (r — ^n) (2L r+s+n + C(s)5 r + s + n ) 
Then taking r + s + n = 0, |(n 3 — n) + (s — |n)C(r) + (r — |n)C(s) = 0. 
Finally, with n = 2s and r = -3s, C(s) = f (s 2 - \). " □ 



9 



Definition 2.10. The central extension of 22Ji/2 is called QJiti/2, the Super- 
Virasoro algebra ( on sector NS), also called Neveu-Schwarz algebra. 

Theorem 2.11. (Complete reducibility) 

(a) If H is a unitary, projective, positive energy representation of 2Ui/2, 
then any non-zero vector v in the lowest energy subspace H generates 
an irreducible submodule. 

(b) H is an orthogonal direct sum of irreducibles such representations. 

Proof, (a) Let K be the minimal QU^-submodule containing v. 

Clearly, since L n v = G m v = for m, n > and L v = hv, we see that K is 

spanned by all products R.v with : 

R = G_ jp . . . G_ h L_ ia . . . L_ h , < i ± < . . . < i a , i < ji < . . . < j p 

But then, K = Cv. Let K' be a submodule of K, and let p be the orthogonal 
projection onto K' . By unitarity, p commutes with the action of 22Ji/2, and 
hence with D. Thus p leaves K Q = Cv invariant, so pv = or v. 
But pRv = Rpv, hence K' = or K and K is irreducible. 

(b) Take the irreducible module Mi generated by a vector of lowest energy. 
Now (changing h into h' = h + mii necessary), we repeat this process for M±, 
to get M 2 , M 3 , . . . The positive energy assumption shows that H = ©Mj □ 

Theorem 2.12. (Uniqueness) If H and H' are irreducibles with c = c' and 
h = h' , then they are unitarily equivalents as Wi/2-modules. 

Proof. Hq = Cu and H' = Cu' with u, u' unitary. 

Let U : H -> H' , Au ^ Au', we want to prove that U*U = UU* = Id. 

Let Au G H n , Bu G H m : 

If n 7^ m, for example, n < m, then B* Au G H n _ m = and 
(Au, Bu) = (B*Au,u) = = (Au', Bu'). 

If n = m, then D = B*A is a constant energy operator, so in CL © CC. 
Now, (L Q u, u) = h = (L u', u') iff h = h' and (Cu, u) = c = (Cu', u') iff c = c'. 
Finally, (v, w) = (Uv, Uw) Vi>, w E H and (v', w') = (C/V, U*w') W, w' G H' 
iff h = h' and c = c'. 

So, C/*C/ = UU* = Id, ie, if and H' are unitarily equivalents. □ 
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Definition 2.13. 9Jiti/ 2 = QJir~ /2 ©QJir? /2 ©2Jir+ /2 with 9Jit? /2 = CL ©CC 
= CL m © CG n 9J«- /2 = CL m © CG n 

m,ra>0 m,n<0 

Remark 2.14. This decomposition pass to the universal envelopping : 
W(9Jiti /2 ) = W(93it- /2 ) ■ W(9Jir? /2 ) • W(9Jir+ /2 ) 

Remark 2.15. We see that an irreducible, unitary, projective, positive en- 
ergy representation o/2Ui/ 2 is exactly given by a unitary highest weight rep- 
resentation o/QJiti/2 (see the following section). 

2.3 Unitary highest weight representations 

Definition 2.16. Let the Verma module H = V(c,h) be the %5\X\ ^-module 
freely generated by followings conditions: 

(a) ft G H, called the cyclic vector (Q^O). 

(b) L tt = htt, Ctt = eft (h, ceR) 

(c) 23it+ 2 ft = {0} 

Lemma 2.17. U(%fity 2 )Q = H and a set of generators is given by: 
G-j /3 ...G- jl L- ia ...L- il Sl, < ii <...<i a , \ < ji < . . . < jp 

Proof. It's clear. □ 

Lemma 2.18. V(c,h) admits a canonical sesquilinear form (.,.), 
completely defined by: 

(a) (ft, ft) = 1 

(b) 7r(A)* = n(A*) 



(c) (u,v) = (v,u) Vu,v £ H (in particular (u,u) = (u,u) GiJ. 

Proof. It's clear. □ 

Definition 2.19. u e V(c,h) is a ghost if(u,u) < 0. 
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Lemma 2.20. IfV(c, h) admits no ghost then c,h>0 

Proof. Since L n L^ n Vt = L^ n L n Vt + 2nhVt + c "*-"" 1 ^ , 
we have (L_ n Q, L_ n f2) = 2ra/i + ~ 1 ) c > o. 

Now, taking n first equal to 1 and then very large, we obtain the lemma. □ 

Definition 2.21. Let K(c, h) = ker(., .) = {x e V(c, /i); (x, y) = Vy} 

£/ie maximal proper submodule ofV(c,h), and L(c,h) = V(c,h)/K(c,h), 

irreducible highest weight representation of QJiti/2, with (., .) well-defined on. 

Definition 2.22. u G V(c, /i) is a nuZZ vector if (u,u) = 0. 

Lemma 2.23. On no g/ios£ case, the set of null vectors is K(c, h). 

Proof. Let x be a null vector, and y G V(c, /i). 

By assumption Vet, /3 G C, («i + /3y, ax + /3y) > 0. We develop it, with 
« = (y,y) and = -(x,y), we obtain : |(x, y)\ 2 (y, y) < (x,x)(y,y) 2 = 0. 
So if y is not a null vector then (x, y) = 0. Else, (x, x) = (y, y) = 0, so taking 
a — 1 and /3 = — (x, y), we obtain 2|(x, y)| 2 < and so (x, y) = □ 

Corollary 2.24. L(c,h) is a unitary highest weight representation. 

Proof. Without ghost, (., .) is a scalar product on L(c, h). □ 

Remark 2.25. Theorem 1.2 of [11] will be proved classifying no ghost cases. 
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3 Vertex operators superalgebras 

We give a progressive introduction to vertex operators superalgebras struc- 
ture. We start with the fermion algebra as example. We work on to obtain, 
at the end of the section, vertex axioms naturally. 

3.1 Investigation on fermion algebra 

Definition 3.1. Let the fermion algebra (of sector NS), generated by (ipn) n ez+ 1 ' 
and I central, with the relations: 

[*Pm,^n}+ = S m+n I and l/j* = 1p_ n 

Definition 3.2. (Verma module) Let H = freely generated by: 

(a) Q G H is called the vacuum vector , Q ^ 0. 

(b) ^ m Vt = Vm > 

(c) m = n 

Lemma 3.3. A set of generators of H is given by: 
■0-mi . . . i>-mM mi < ... <m r r e N, m, e N + \ 

Proof. It's clear. □ 
Lemma 3.4. H admits the sesquilinear form (.,.) completely defined by : 

(a) (n,n) = 1 



(b) (u,v) — (v,u) Vii, i> e H 

(c) (ip n u, v) = (u, ip- n v) Vu,veH ie n(ip n )* = 
(., .) is a scalar product and H is a prehilbert space. 

Proof. It's clear. □ 

Remark 3.5. H is an irreducible representation of the fermion algebra. 
It is its unique unitary highest weight representation. 

Remark 3.6. ipl = \[^ n ^ n \ + = i/ii^O 
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Definition 3.7. (Operator D) Let D e End(H) inductively defined by : 

(a) DSI = 

(b) Di[)- m a = ip- m Da + mip_ m a Vm e N + | and Va e if 

Lemma 3.8. £) decomposes H into © neN+ i if n -D£ — n £ 
V£ G if n , dim(H n ) < oo and if n _L H m if m 

Proof. Let a = ip- mi . . . ip- mr Q be a generic element of the base of H, 
then D.a = (Yl rriija. □ 

Remark 3.9. [D,if) m ] = —mip m and Q e iio> so ip m : H m+n — > H n . 

Definition 3.10. (Operator T) Let T e End(H) inductively defined by : 

(a) ra = o 

(b) Tip_ m a = ip- m Ta + (m - ±)V>_ m _ia Vm e N + ± and Va e if 
Remark 3.11. [T,^ m ] = -(m - |)^m-i- 

Definition 3.12. Let ip(z) = Y Jne z' l l ) n+\- z ^ n ^ 1 the fermion operator. 
Remark 3.13. ip G (EndH)[[z, z -1 }} is a formal power series. 
Lemma 3.14. (Relations with ip n , D and T) 

(a) [i, m+k ^] + = z m 

(b) [D^] = z4' + \^ 

(c) [T, ^ = V' 



[£>,^(z)] = £(-n - D^i. = z.^(z) + 

Remark 3.15. (., .) induces (ijj(z 1 )...ijj(z n )c, d) e C^zf 1 , z^ 1 }}, Vc, de H. 
Lemma 3.16. (ip(z)Q,Q) =0 and (tp(z)tp(w)Q,Q) = — if \z\ > \w\ . 
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Proof. y,(z)n,n) = Enez^n+i^^)-^"- 1 = o 

•meNV z ' z—w 



n—ly^—m—1 



Lemma 3.17. Vc, d G # ; (V'(^)c, d) G C[z,z -1 ]. 

Proo/. (^(z)l„_ic,rf) = {c,d).z- n - x - (ip(z)c,^ n+ id) 
{ip{z)c,ip_ n _id) = (c,d).z n - (il>(z)il> n+ ic,d) 

Then, the result follows by lemma 3.16 and induction. □ 
Proposition 3.18. Vc, d G H, 3X(c,d) G (z - m) - ^^ 1 ,^ 1 ] such that: 

X( r ,n\ - J (^W^W ^ Z / N > H 

Proo/. (ijj(z)ijj(w)ijj_ n _ic,d) = (^(z)c,d)w~ n - 1 -(^(w)c,d)z- n - 1 +(-il)(z)^(w)c,-ilJ n+ id) 
{il){z)^{w)c^_ n _id) = (ip(w)c,d)z n - (^(z)c,d)w n + (ip(z)ip(w)ip n+ ic,d) 
Then, the result follows by lemma 3.16, 3.17, symmetry and induction. □ 

3.2 General framework 

Definition 3.19. Let H prehilbert and A G (EndH)[[z , z~ 1 ]] a formal power 
series defined as A(z) = ^ n( z^A{n)z~ n ~ x with A{n) G End(H). 

Definition 3.20. Let A, B G (EndH)[[z, z' 1 }} 

A and B are local if 3e G Z 2 , 3iV G N such that Vc, d G H: 

3X(A,B,c,d) G {z-wY N C[z ±1 ,w ±1 } such that: 



X(A,B,c, d)(z,w) 



(A(z)B(w)c,d) if \z\ > \w\ 
'-l) £ (B(w)A(z)c,d) if\w\>\z\ 



Example 3.21. tp is local with itself, with N = 1 and e = 1 
Notation 3.22. [X,Y] e = 



XY-YX ife = 
XY + YX if e = l 



Remark 3.23. Let n G N, then, (z - w) n = ^™ =0 C p {-l) p w p z n ' p and, 
1 } ~ I (-^) n J2 P e^ C p+n-i^- p - n if\w\ > \z\ 
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Proposition 3.24. Let A,B local and c,d G H then: 
X(A, B, c, d)(z, w) = Znez X n(A B, c, d){w){z - wY n -\ 
X n (A,B,c,d)(w) = (A n B(w)c,d), 
A n B{w) = Y. m eMnB){m)w- m - 1 and (A n B)(m) = 

( Y: n p =o(- 1 ) PC ti A (n-p),B(m+p)} £ zfn>0 

I E P eNC P P -n-i(Mn-p)B(m + p)-(-iy+ n B(m + n-p)A(p)) if n < 



Proof. X(A, B, c, d) G C[z ±:L , u> ±:L , (z — w) 1 ], we develop it around z = w: 

X(A, B, c, d)(z, w) = £ neZ X n (A, B, c, d)(w)(z - W y n ~ l 

with X n (A,B,c, d)(w) = ^-JJz - w) n X(A, B,c,d)(z,w)dz. 

By contour integration argument (£ = J\ zl=R>H - J\ zl=r<H ), we obtain: 

X n (A, B, c, d)(w) = MI\ z \=r> H ~ I\ z \=r<\ w \)( z - ^) n X(A, B, c, d)(z, w)dz 

= h Tr q& , P =oU\ z \ =R> \ w \ C?(-iyz^wV(A( q )B(w)c, d)z~^dz 
- ("1) £ J lzl=r<H Cv(-iyz n -P W P(B(w)A(q)c, d)z-«-Hz) 
= (E P =o(-^ P w p CP[A{n - p), B(w)] £ c, d), with n G N. 

X_ n (A, B, c, d)(w) = £ E q ez, P eN(I\ z \= R>H ^i^WW^ ^~ q ~ 
~ ("l) e I\ z \=r< H C p p+n ^-irw- n - p z^B(w)A( q )c, d)z-^dz) 
= (E P ^C P P+n - 1 (w p A(-n-p)B(w) - (-iy+ n w^B(w)A(p))c,d) □ 

Definition 3.25. Let the operation (A,B) — > A n B as for proposition 3.24- 

Formula 3.26. The formula of (A n B){m) on proposition 3.24- 

Corollary 3.27. ( Operator product expansion) Let A, B local, and c,d G H: 

(A(z)B(w)c,d) ~ j^^ d) nearz = w 



Proof. X(A,B,c,d)(z,w) = £ neZ (A nJ B)Hc d)(z - w)— 1 

G (z - iw)-^^ 1 ,^ 1 ], so A n B = for -n - 1< -N ie n > N. □ 
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Remark 3.28. We write OPE as: A(z)B(w) ~ £, 



.JV-l (A n B)(w) 
n=0 (z-w) n+1 ' 



Remark 3.29. z 



E fceN (-i)^t m -i(^-^) fc 



w 



,m—k 



if m > 



if m < 



Proposition 3.30. (Lie bracket ) Let A, B local, with e G Z 2 £/ien: 



[A(m),S(n)] e = < 

I ^J(-^ P C P p ^M P B)(rn + n-p) if m < 

Proo/. Vc,d G if, ([A(m),B(n)] e c,d) = 

4l=«>IH - / il^M^"^' 5 > c > rf ) & w ^ dzdw 

By contour integration argument (/ f M=R>H - j J\ zl=r<H = $ fj: 
([A(m), B(n)] £ c, d) = £-J w»± £ ^(E^ {^c, d)dzdw 



We suppose m > 0, then by previous remark, ([A(m), B(n)] e c, d) = 



= (ES C* + w - P)c, d) (we take C£ = if p > m ). 



Formula 3.31. The formula of [A(m),B(n)] e on proposition 3.30. 

Definition 3.32. (Operator D) Let D G End(H) decomposing H into 
„ e N+i ™^ D£, — n£ V£ G H n , dim(H n ) < oo and H n _L H m ifn^m. 

Notation 3.33. Let A'(z) = f z A(z) = Enez(~ n ) A ( n ~ l)*~ n-1 - 

Definition 3.34. A G (EndH)[[z, z' 1 ]] is graded if: 
3a G |N such that [D, A(z)] = zA'(z) + aA(z) 

Lemma 3.35. A is graded with a •<=>- 
A(n) : H m ->• F m _ n+a _i Vn G Z,Vm G §N 



Similary for m < 0..., and the result follows. 



□ 
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Proof. [D, A(z)} = zA'(z) + aA(z) = E„ e z( a ~ 1 ~ n)A{n) Z - n - 1 

[D, A(n)\ = (a - 1 - n) A(n) Vn G Z 
^ VnG Z,Vm G ±N,Vf G # m 

= A(n)L>£ + [£>, A(n)]f = (to - n + a - l)A(n)£ 
<^ A{n) : H m ->• # m -„ +Q -i Vn G Z,Vm G ±N. □ 

Lemma 3.36. Lei A, S /oca/ anc/ graded with a and (3 then: 
[D, A n B{z)\ = z(A n B)'(z) + (a + /3-n- l)A n B(z) . 

Proof. A(n) : H m ->■ if m _ n+a _i and : # m ->■ # m _ n+/3 _i 

Now, by formula 3.26, A pJ B(n) : H m -> if m _ n+ ( Q+/ 3_ p _ 1 )_i 

The result follows by the previous lemma. □ 

Lemma 3.37. Let A, B G (EndH)[[z, z -1 ]], graded with a and j3, then: 

A and B are local •<=>- 3e G Z 2 , 3iV G N such that Vc, d E H: 

(z — w) N (A(z)B(w)c, d) = (— l) £ (z — w) N (B(w)A(z)c, d) as formal series. 

Proof. (=>•) True by definition. 

(<=) Let c e Hp, d e H q 

A(n)c G if p _ n+Q ,_i = for n > p + a — 1, 

B(m)c G ifp_ m+/ g_i = for to > p + /3 - 1, 

A(n)S(m)c, B(m)A(n)c G # p _( m+n)+a+/9 _ 2 , d G # g and H r ± H q if q ^ r. 

Let 5 = {(to, n) G Z 2 ; m + n = p — g + a + /3 — 2,m<p + /3 — 1} 
and S" = {(to, n) G Z 2 ; m + n = p — g + a + /3 — 2, n < p + a — 1} 

N 

(z-w) N {A{z)B{w)c,d) = C k N {A{n)B(m)c,d)z- n - 1 - k w- m - 1+N - k 

S,k=0 
N 

(z-w) N (B(w)A(z)c,d) = (-1) £ C k N {B{m)A{n)c,d)z~ n - 1 - k w- m ~ 1+N - k 

S',k=0 

But, S fl S" is a finite subset of Z 2 , so the formal series is a polynom: 
P(A, B,c,d) G C[z ±:L , iu ±:L ]; now, using remark 3.23, and the fact that 
A(n)c = for n>p + a — 1 and B(m)c — for to > p + ft — 1, then: 

[z,w) P{A,B,c,d){z,w) - | ( _ 1)£(jBHA(z)C)rf) if | w | > |^| 

□ 
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Remark 3.38. (associativity) (A n B) m C = A n (B m C) = A n B m C 

Lemma 3.39. Let A\,..., A R graded, A4 and Aj local with N = JV^ G N. 
Then, Vc, d G H : 

H(z i -z j ) N -(A 1 (z 1 )...A R (z R )c,d) G q^ 1 ,...,^ 1 ] 

i<j 

Proof. It is exactly as the previous lemma: 

We can put each Ai(zi) on the first place by commutations. 

We obtain equalities between R series with support SiUT, with T the support 

due to — z j) Nij (finite), and as the previous lemma: 

Si = {(mi, ...,m R ) G Z R ; m 1 + ... + m R = K,uii < ki} 

So, P| S{ is a finite subset of Z R , and the result follows. □ 

Lemma 3.40. (Dong's lemma) Let A, B, C graded and pairwise local, then 
A n B and C are local. 

Proof. Let Q(zi, z 2 , z 3 ) = Y\i<j( z i ~ z j) Nij ■> by lemma 3.39, Vrf, e G H: 

Q.(A( Zl )B(z 2 )C(z 3 )d,e) = Q.(-l) e ^(C(z 3 )A(z 1 )B(z 2 )d,e) G C[zf\z±\zf l ] 

Now, we divide this polynom by Q, we fix z 2 and we develop around z\ — z 2 . 
Then 3A^ G N such that Vn G Z if P n is the coefficient of {zi - z 2 y n - x then 
S n = {z 2 -zz) N P n eC[z 2 t \zt 1 }. 

Now, on one hand S n = (z 2 — z 3 ) N (A n B(z 2 )C(z 3 )d, e) and on the other hand 

S n = (-1) £ (^ 2 - z 3 ) N (C(z 3 )A n B(z 2 )d, e), with e = e ± + e 2 . 

Then, the result follows by lemmas 3.36 and 3.37. □ 

Proof's corollary 3.41. // in addition, A and C are local with Si £ Z 2 , 
and, B and C, local with e 2 , then, A n B and C are local with e = ei + e 2 . 

Lemma 3.42. If A and B are local with e G Z 2; so is A' and B 

Proof, (z - w) N (A(z)B(w)c, d) = (-l) £ (z - w) N (B(w)A(z)c, d) 

Then, applying ^ and the lemma 3.37, the result follows. □ 

Definition 3.43. (Operator T) Let T G End(H). 

Lemma 3.44. Let A, B local such that [T, A] = A' and [T, B] = B' . 

Then, [T, A n B\ = (A n B)' = A' n B + A n B' and [T,A 'J = A" 
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Proof. (z-w) N ([T,A(z)B(w)}c,d) = (z-w) N ((A'(z)B(w)+A(z)B'(w))c,d) 

= (z- w) N E„gz«X 5 + A n B')(w)c, d)(z - w)-"- 1 on one hand 

= {z- w) N (£ + £)(En € z A n B{w){z - w^c, d) on the other hand 

= {z- w) N [(j: n( , z (-n - l)A n B(w)(z - «,)-»- 2 c, d) + 
(J2nez(AnB)'(w)(z - wy^c, d) + (£ neZ (n + l)A n B(w)(z - w)- n - 2 c, d)} 
= (* " «0" Enez((A n B)'(w)c, d)(z - w)~^ 

By identification: [T, A n B] = (A n B)' = A' n B + A n B' 

Now, [T, A] = A' [T, A(n)\ = -nA(n - 1), so [T, A'] = A" □ 

Lemma 3.45. Let G H; A, B local with A(m)VL = B(m)VL = Vm G N, 
£/ien A'(m)n = A n £?(m)fi = Vm G N,Vn G Z. 

Proo/. A'(m) = -mA(m - 1), so A'(m)Q = Vm G N 

On the formula 3.26 , A(n — = B(m + p)Q = A(p)Q = because 

n — p, m + p, p G N, then, A n £?(m)fi = Vm G N, Vn G Z. □ 

3.3 System of generators 

Definition 3.46. Let H prehilbert space; {A 1 ,..., A r } C (-EVidH - )^, z -1 ]] 
zs a system of generators if3D,T G End(H), Q <E H such that: 

(a) Wi,j Ai and Aj are local with N = and e = Sij = £u-£jj 

(b) V* [T, A^ = A> 

(c) D decomposes H = ® n6N+ i H n with _D£ = n£ V£ G i? n , dim(H n ) < oo, 

H n _L iJ m if n m and \/i Ai is graded with «j G N + y 

(d) G i?o, = 1, and Vi Vm G N, = £>fi = TO = 

(e) A = {Ai(m),Vi Vm G Z} acts irreducibly on H , so that H is 

the minimal space containing fl and stable by the action of A 

Definition 3.47. Let S C (EndH)[[z, z -1 ]], the minimal subset containing 
Id, A\,..., A r , stable by the operations: 

(A, B) ^ (A n B) (Vn G Z) , A^ A' 
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Let S e — {A G S | A is local with itself with e G Z 2 }, so that S — Sq II Si . 
Let S £ = lin < S £ > and S — Sq © Si . 

Remark 3.48. All is well defined by previous lemmas. 

Lemma 3.49. VA, B G S, they are local, A n B G S and [T, A] = A' G S 



(b) E and F are local with e = ei.e 2 

Proof, (a) E and F are local with an e G Z 2 . 

We use the corollary 3.41 with A = E, B = F, C = £,with A = E, B = F, 
C = F and finally with A = E, B = F, C = E n F. Then we see that E n F is 
local with itself with e' = e 1 + e + e 2 + e = S\ + e 2 , so, E n F G S £l+£2 
(b) By induction: 

Base case: Wi,j Ai G S eu , Aj G S £jj and are local with e = Sij = eu.Sjj by 
definition 3.46. 

Inductive step: We suppose the property for E G S £l , F G S £2 and G G S £3 . 

We prove it for E n F and G: 

E and G are local with e = ei.e 3 

F and G are local with e = e 2 .e 3 

Now, E n F G S £l+£2 , G G S £3 and by corollary 3.41 with A = E, B = F, 

C = G, E n F and G are local with e = S\.e^ + s 2 .ez = {s\ + e 2 ).e^ 

The following lemma completes the proof. □ 

Lemma 3.51. A G S £ =4> A' G S £ 

Proof. By lemma 3.42, if A and B are local with e G Z 2 , so is A' and i?. 
The result follows by taking B = A and then B — A'. □ 

Definition 3.52. (well defined by lemma 3.45) 



Proof. By previous lemmas and linearizing Dong's lemma. 



□ 



Lemma 3.50. Let E G «S £l and F G S £2 then: 



(a) E n F G S £1+£2 



R: S 

A 



a := 



H 



z=0 



linear. 
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Examples 3.53. 

(a) R{Id) = Q, R{A) = A(-1)Q 

(b) R(A') = A{-2)Q = T.R(A) 

(c) R(A n B) = A(n)R(B) (by formula 3.26) 

(d) R(A n Id) = A(n)Q 

Lemma 3.54. A is graded with a •<=>- R(A) G H a 

Proof. By lemma 3.35 and 3.36, inductions and linear combinations. 

State-Field correspondence: 

Lemma 3.55. (Existence) Va G H , 3A E S such that R{A) = a. 

Proof. R((A il ) mi (A i2 ) m2 ...(A ik ) mk Id) = A il {m l )R{{A i2 ) m2 ...{A ik ) rn Jd) 
= ... = A h (mi)...A ik (m k )Q 

Now, the action of the Ai(m) on Q generates H by definition 3.46. 

Lemma 3.56. Let AeS, then A(z)VL = e zT R(A). 

Proof. Let F A (z) = A(z)Q = E„ eN A(-n - i)Qz n , 

Then, V6 G H, (F A (z),b) G C[z] 

Now, £(F A (z),b) = (£F A (z),b) = (A'(z)Q,b) 

= ([T,A(z)]Q,b) = (T.A(z)Q,b) = (T.F A (z)Q,b) 

But, F A (0) = R(A), so we see that: (F A (z),b) = (e zT R(A), b) Wb G H 

Finally, F A (z) = e zT R(A) 

Lemma 3.57. (Unicity) R{A) = R(B) =>■ A = B. 

Proof. Let C = A - B, then R(C) = R(A) - R(B) = 

and F c (z) = e zT R(C) = 

Now, Ve G H, 3E G S such that R{E) = e. 

Then V/ G H, 3N G N 3e G Z 2 such that : 

(z - w) N (c(z)E(w)n, f) = (-iy( z - w) N (E(w)c(z)n, /) 

Now, (E(w)C(z)n,f) = (E(w)F c (z)J) = = (C(z)E(w)Q, f) 
So, (C(z)E(w)Q, f) lw=0 = (C(z)e, /) = Ve, / G H 
Finally, C = and A = B 
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Now, we can well denned: 



Definition 3.58. (State-Field correspondence map) 



V : H 



S 



linear. 



a i — > V(a) 



such that : 



( 



WaeH R(V(a)) = a 
VAeS V{R{A)) = A 



Notation 3.59. V(a)(z) is noted V(a,z) and A(z) = V(R(A), z) 
Examples 3.60. 

(a) V(0,z) = 0, V(Q,z) = Id 

(b) V'(a,z) = V(T.a,z) 

(c) (A n B)(z) = V(A(n)R(B),z) 

Definition 3.61. Let H £ = neN+ | H n so that H = H- © Hi. 
Lemma 3.62. R{S £ ) = H £ (e e Z 2 ) 

Proof. Base step: by definition 3.46 and lemma 3.54, 
V? At G S £%1 and R(Ai) G H ai with a,eN+| 

Inductive step: by lemma 3.50 □ 
Corollary 3.63. (Relation with T and D) Let a G H a , we have that: 

(a) [T, V{a, z)\ = V'(a, z) = V(T.a, z) G S 

(b) [D, V(a, z)\ = z.V'(a, z) + a.V(a, z) ( S in general) 

3.4 Application to fermion algebra 

H = Fns, lj>(z) = Y.neli , n+\ Z ' n ~ 1 with [^m,^n]+ = 5 m+n Id. 

Proposition 3.64. {ip} is a system of generator. 
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Proof, ip is local with itself with N — 1 and e = 1 = 1.1 (see definition 3.46) 
We have construct D and T (p 14 ), Q G # , = 1, Dfi = TO = 0. 
[T,^(z)] = 1/(z), [DM*)] = + and ± G N + ± 

Finally, {ip n ,n G |N} acts irreducibly on □ 

Corollary 3.65. {■?/>} generates an S with a state-field correspondence with: 

R{$) = ifj_iQ and ip{z) = V(i/>_in, z) 

Lemma 3.66. (OPE) ^{z)^{w) ~ ^ 

Proof. ij) n ip{w) = V( y ifj n+ iifj_iQ,w) — if n > 1 ( here N — 1 ) 
Now, for < n < TV — 1 i.e n = : 

i SI = ([^i , ^_ i] + — )Q = Q, so ipQip{w) = Id □ 

Remark 3.67. fiVextf operator) ip_iip_±Q = 0, so ip-\ip = 0; and the next 
operator of the expansion is 2L(w) := ip-2ip{w) = 2^2 neZ L n z~ n " 2 
Now, R(L) = then L(w) = V(^ip_3ip_iQ,w). 

Remark 3.68. L(n) = L n _i so, L Q = L_iQ, = by lemma 3.45. 

Lemma 3.69. (OPE) ^{z)L{w) ~ ±gM - 

Proof. ^ n L{w) = lV{ip n+ i^_3^_iQ,w) = if n > 2 ( here N — 2) 

Now, if}iil}_3il)_iQ = -ib_sQ = R(ib') , ibiib_3ib^iVl = = R(ib') □ 

222 2 222 2 

Lemma 3.70. (Xze bracket) [L m ,ip n ] = — (n + \m)ip m+n 

Proof. By lemma 3.50, ^ and L are local with e — 0, and by formula 3.31: 

[^(m), L(n + 1)] = -|C^V + n + 1) + |C^(m + n + 1 - 1) 

= |(m + n + l)^(m + n) + \mip{m + n) = (m + | + ^n)ip(m + n) 

We have computed for m > 0, we find the same result for m < 0. 

Now, *0(m) = VVn-i an( i + 1) = Ln, so the result follows. □ 

Lemma 3.71. D = L and T = L_i 

Proof. [L ,ip n ] = -mp n = [D,tp n ] , [L_i,^„] = -(ra - |)^ n -i = [T,il> n ] 

So, by irreducibility and Schur's lemma, L — DandL^i — T G C/d 

Now, L Q = DQ = L^tt = Ttt = 0, then, D = L and T = L_i □ 
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Corollary 3.72. Va G H s : 

(a) [L_i, V>, 2)] = z) = V(L_i.a, 

(b) [L , V(a, z)\ = z.V'(a, z) + s.V(a, z) 

Remark 3.73. VA e S, A' = (L A), so, by Dong's lemma, we finally don't 
need here to ii-> A' for the construction of S. 

Lemma 3.74. (OPE) L(z)L(w) ~ + g$ + ^ 

Proo/. L n L(w) = V(L(n)L(-l)Q, w) = V(L n ^L^ 2 n, w) = if n > 4. 
Then, here, iV = 4, so, for < n < N — 1: 

(a) V(L^L^ 2 n,w) = L'(w) 

(b) L L_ 2 tt = 2L_ 2 fi = 2i?(L) because L_ 2 Vt G # 2 

(c) LiL_ 2 ^ = = if^i^-flV'-i^ = W_±.$l = 

(d) L 2 L^ 2 Q EH = Cn, so, L 2 L„ 2 fi = KQ with K = \\L_ 2 ttf 



□ 



Notation 3.75. c := 2||L_ 2 f2|| 2 , the central charge. 
(here c = ±(^_a^ iH, V_§^ iH) = |) 



Notation 3.76. Le£ <5 fe = 



if k^O 
Jrf if k = 



Lemma 3.77. (Lie bracket) [L m , L n ] — (to — n)L m+n + -^m(m 2 — l)5 m+n . 

Proof. By lemma 3.50, L G Sq, and by formula 3.31: 
If to + 1 > 0, then: [L(m + 1), L(n + 1)] = 

C° m+1 L'(m + n + 2) + 2C^ +1 L(to + n + 2 - 1) + § C^ +1 /d(m + n + 2 - 3) 

= -(m + n + 2)L(m + n + 2) + 2(m + l)L(m + n + 1) + f ^^^<5 m+n 
= (to — n)L(m + ra + 1) + j^m(m 2 - l)S m+n 

We find the same result for m + 1 < □ 
Remark 3.78. 14 = L_ m 

Proq/. [^_ n ,Z4J = [I m ,f n f = -(n+ |TO)^- m -n = [V'-n^-m], then the 
result follows by irreducibility, Schur's lemma and grading. □ 
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Remark 3.79. The (L n ) generate a Virasoro algebra QJir. 

Corollary 3.80. QJir acts on H = Fns, and admits L(c, h) = L(^, 0) 
as minimal submodule containing Q. 

Definition 3.81. Let call L the Virasoro operator, 
and uj = R(L) = the Virasoro vector. 

3.5 Vertex operator superalgebra 

Definition 3.82. A vertex operator superalgebra is an (H,V,Q,u) with: 

(a) H = Hq © H i a prehilbert superspace. 

(b) V : H — > (EndH)[[z , z -1 ]] a linear map. 

(c) Q, uj G H the vacuum and Virasoro vectors. 

Let S £ = V{H £ ), S = S- ®Si and A{z) = V(a, z) = £„ eZ A{n) Z - n - 1 , 
then (H, V, Q, oo) satisfies the followings axioms: 

1. (vacuum axioms): VA G S and Vn G N, A(n)Q = 0, 
V(a, z)Q\ z= q = a and V(Q, z) = Id 

2. (irreducibility axiom): Let A = {A(n)\A G S,n G Z} then, 
A acts irreducibly on H , so that A.fl = H 

3. (locality axiom): VA G <S £1; \/B G S £2 , A and B are local 

(see definition 3.20 and lemma 3.37), with e = S\.Si and A n B G S £l+£2 

4- (Virasoro axiom): V(u,z) = L(z) = YlmeiLnZ~ n ~ 2 Virasoro operator 
(LqQ = L_iVL = and uj = L_ 2 ^)- Let c = 2||w|| 2 the central charge: 
[L m , L n ] = (m - n)L m+n + ^m(m 2 - l)5 m+n 

5. (L axioms) L decomposes H into ® n6N+ i H n with dim(H n ) < oo, 
H n ± H m ifn^ m, H £ = neN+ | H n , Q G H , u G H 2 , and 

Va G H a , [L , V(a, z)] = z.V'(a, z) + a.V(a, z) 

6. (X_! axioms): [L_i, V(a, z)\ = V'(a,z) = V(L_i.a, z) G S 
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Corollary 3.83. A system of generators, generating a Virasoro operator 
L G S, with D = Lq and T = generates a vertex operator superalgebra. 

Corollary 3.84. The fermion operator tp generates a vertex operator super- 
algebra , with Virasoro vector uj = 

Remark 3.85. The Virasoro operator L alone, generates the minimal vertex 
operator (super) algebra. 

Remark 3.86. Let A(z) = V(a,z) and B(w) = V(b,w); the formula 3.26 is 
general, so similary, by vacuum axioms, A n B(w) = V(A(n)b,w). 

Proposition 3.87. (Borcherds associativity) 3iV e N such that Vc, d G H: 
(z - w) N (V(a, z)V(b, w)c, d) = (z - w) N (V(V(a, z - w)b, w)c, d) 

Proof. To simplify the proof, we don't write: 

"3iV G N such that Vc, d G H (z - w) N ( . c, d)", but it is implicit. 

V(a, z)V(b, w) = A(z)B(w) = £ A n B(w){z - w)-'"- 1 

= £ V(A(n)b, w)(z - w)~ n - 1 = V(J2 A(n)b(z - w)- n ~\ w) 

= V(J2 A(n)(z - w)- n -\ w) = V(V(a, z - w)b, w). □ 
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4 Vertex $-superalgebras and modules 

4.1 Preliminaries 
4.1.1 Simple Lie algebra q 

Let g be a simple Lie algebra of dimension N, a basis (X a ) 
with [X a , X b ] = i J2 C T c ab X c with Y c ab e R totally antisymmetric. 

Lemma 4.1. Let C = Y^b^h then [g,C] = 
Proof. It suffices to prove [X a ,C] = for each X a . 

[x a , c] = £ jx a , x 2 ] = E b ([x a , x b ]x b + x b [x a , x b }) = % £ 6iC v ab x c x b + 

i E 6 , c Kb X bX c = i Eb, c ( r afe + T ac) X cX b = by antisymmetry. □ 

Remark 4.2. C is a multiple of the Casimir of q. We suppose to have well 
normalized the basis such that C is exactly the Casimir. 

Corollary 4.3. By Schur's lemma, C acts as multiplicative constant cy on 
each irreducible representation V . 

Example 4.4. $j is simple, it acts irreducibly onV = Q with ad. 

Lemma 4.5. £ a , c V ac .V d ac = S bd c s 

Proof. (J2 a ad 2 x J(X b ) = c 9 X b = £ a [X a , [X a ,X b \] 
„-2 F c V d Y V ~pb -pd y 

~ 1 Z-ia,c,d 1 ab- L ac^d ~ Z_^ a ,c,d 1 ac' L ac^d- 

Then, J2 aiC r b ac .ri c = 6 bd c s □ 

Definition 4.6. g = y is called the dual Coxeter number. 
Example 4.7. g = A 1 = sl 2 , dim(o) = 3 

[E, F] = H, [H, E] = 2E, [H, F] = -2F, with Casimir EF + FE + \H 2 
We choose the basis: X 1 = i&(E - F), X 2 = &(E + F), X 3 = ^H, 
with relations: [X 1 ,X 2 \ = i\[2X 3 , [X 3 ,Xl] = iV2X 2 , [X 2 ,X 3 ] = i\[2X x 
C = Z a XI = EF + FE + \E 2 andg = \ E a , b (Kb) 2 = 2 

Table (see [7] p 111) 






A n 


B n 


C n 


D n 


E 6 


E 7 


E 8 


F 4 


G 2 


dim(g) 


n 2 + 2n 


2n 2 + n 


2n' 2 + n 


2n 2 -n 


78 


133 


248 


52 


14 


9 


n+ 1 


2n-l 


n+ 1 


2n-2 


12 


18 


30 


9 


4 
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4.1.2 Loop algebra Lg 

Definition 4.8. Let Lg = C°°(E> 1 ,g) the loop algebra of g. 

It's an infinite dimensional Lie -k-algebra, admitting the X® = X a e m0 

as basis, with n G Z and (X a ) the base of g; so: 

[X^Xt] = [X a ,X b ] m+n and (X*)* = X* n 

Proposition 4.9. (Boson cocycle) Lg has a unique central extension, up to 
equivalent, i.e. H 2 (Lg,C) is 1- dimensional. H 2 (Lg,C) is 1- dimensional. Let 
C the central element and g + = Lg © CC called g-boson algebra, then: 

K, = [X a , X b ] m+n + m5 a b5 m+n .C 

Proof. See [13] or [18] p 46. □ 

Theorem 4.10. The unitary highest weight representations ofg + are 
H — L(V\, £) with: 

(a) IgN such that Ctt = £Q (the level of H). 

(b) Hq = V\ irreducible representation of g such that: 

(A, 6) < t with A the highest weight and 9 the highest root. 

Proof. See [13] or [18] p 48. □ 

Remark 4.11. Let ^ the category of such representations for £ fixed, 
is a finite set and ^ C &e+i 

Remark 4.12. The irreducible unitary projective positive energy represen- 
tations of Lg are given by the unitary highest weight representation ofg + . 

Example 4.13. We take g = s[ 2 , then H = L(j,£) with: 

• m = m, £eN 

• H = Vj with j £ |N the spin and j < |, such that 

CVL = c Vj Q with C = Y^o,(Xq) 2 the Casimir and c Vj = 2j 2 + 2j 
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4.2 g-vertex operator superalgebras 
4.2.1 g-fermion 

Definition 4.14. Let g_ be the g-fermion algebra, generated by (V'm) w ^ 
a G {1, N}, N = dim(o), m G Z + | and relations: 

[C + = <*a&<Wn and «J* = Cm 

Remark 4.15. ^4s /or £/ie fermion algebra of section 3.1, we generate the 
Verma module H = F^g, and the sesquilinear form (., .) which is a scalar 
product; Tr(ip^)* = ir((ip^)*), Tfjg is a prehilbert space, an irreducible repre- 
sentation ofg_ and its unique unitary highest weight representation. 

Definition 4.16. Let ?p a (z) = Enez --s^™ -1 the fermion operators. 
Remark 4.17. i) a (z)i) b (w) ~ 

Remark 4.18. As for the single fermion operator ip, of section 3.4, 
{ip a ,a G {1, ...,N}} generates a vertex operator superalgebra with: 



| 1.2 dim (fl) 
\u\\ — 



°° = and c = 2 

a 

Definition 4.19. Let S c (z) = V(s c ,z) = T /n ez S n z ' n ' 1 with: 

' 2 2 

Lemma 4.20. (OPE and Lie bracket) 

f (^ w ,^MM ail d K.sSHi^r^^R,^] 
\ z w ) 

Proof. i) d ,_.s c = if n > 1 and ipf .s c = «V T%$ a _ i ft- □ 

n+ 2 2 2 

Remark 4.21. [S a m ,^] = 
Lemma 4.22. (S£J* = 

Proo/. J = [^,5*]* = "'EcW^-n = t^n^-J 

The result follows by irreducibility, Schur's lemma and grading. □ 
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Remark 4.23. (Jacobi) [X a , [X b ,X c }\ = [[X a ,X b },X c ] + [X b , [X a ,X c ]] 

^d^bc^ad = 12d0^ab^dc + ^ ac^bd) J2 e (^ab^cd + ^d,a^cd + ^1^) = 

Notation 4.24. [S a ,S b ] := i^ c ^S c 
Lemma 4.25. (OPE and Lie bracket) 

S{Z)S H ~ (z-w) 
and [S^, S b n ] = [S a , S b ](m + n) + £.m5 ab 5 m+n (with £ = g e N) 
Proof. Sf L s c = if n > 2 and: 

(a) 5 V = -|E a , 6 r^%^ § ^ 

= < E e r^ c f E a ,b K b r_^ b _^ = i El r^ e = [s d , s c ](-i) 

2 2 

(b) s*y = -^Ea^Kb^n^fi = \ E a , b r^ 6 = g .6 cd 



Corollary 4.26. (S^J is the basis of a g-boson algebra. 

It admits L(Vo,g) as minimal submodule of J-% s containing Q 

(with Vq = C the trivial representation of g). 

Lemma 4.27. E a ( 5 -i) 2fi = 

Proof. Ee(^-i) 2 ^ = 4E aAe iV^%^ 

2 2 

Lemma 4.28. (OPE and Lie bracket) 

S a (z)L(w) ~ J^L and [L m , SfJ = -nS r a n+n 
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Proof. S%.uj — for n > 3 and: 

(a) S a .u = i £ b (S-i) 2 ^ = i E 6 ([^o a , SM^n + SMSff, S^fl) 

= iE b , c (r^ + rL)^ 1 ^ 1 fi = o 

(b) s-.u = i E 6 ([^ a , 5» i]5iin + sMs*, 

= j E b , c r^s^ = 4 E 6)C iW = o 

(c) ^ = iEJlSf.^l^ + ^lSf.S'jQ) 
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4<y 

(2^ + < E b , c r^S-s^n) = = s^n (*) 



□ 



Corollary 4.29. (5' a ) generate a vertex operator (super) algebra with 
u = ^Ea(^-i) 2 ^ as ^ ras oro vector. 

4.2.2 g-boson 

Definition 4.30. Let X a (z) = J2 neZ X®z~ n ~ 1 the boson operators 
with [X a m , X b n ] = [X a , X b ] m+n + mS ab S m+n X 

Corollary 4.31. The Q-boson algebra g + generates a vertex operator 
(super) algebra on H = L(Vo,g), and also on H = L(Vq,£) for any £ e N, 
with oj = 2 (e+g) E a (^ tt i) 2 ^ as Virasoro vector; and: 



X»(2)L(») ~ 7 — i-L and [L m ,X;] = -nX- +0 



(z — iu) — w) s 

X a (u?) 

Proof. By the previous work on (5°) and (*). □ 
Lemma 4.32. c = 2|M| 2 = ^) 

Proo/. 4(€ + <?) 2 |M| 2 = E a , 6 ((^i) 2 ^, (**i) 2 n) = E a , 6 (^ W) 2 (X! 1 ) 2 fi) 

= (EaA C ^(^^i a ^-i^)) + 2^E a (^,Xi a ^i^) 
= (EaAcdC- 1 )^^.^-!") + 2* 2 <Bm(fi0) 

= (2#m(g) + 2£ 2 dim{Q)) = 2£dim(g)(£ + g) □ 
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Remark 4.33. By vacuum axiom of vertex operator superalgebra, Xq£1 = 0, 
then, the representation H = V\ of g is necessary the trivial one Vq. 
At section 4-3, we see that general L(V\,£) admits the structure of vertex 
module over L(V ,£). 



4.2.3 g-supersymmetry 

By lemma 4.20, the g-boson algebra g + acts on the g-fermion algebra g + , 
then, we can build their semi-direct product: 

Definition 4.34. Let g = g + k g_ the g- super •symmetric algebra. 

Proposition 4.35. The unitary highest weight representations (irreducible) 
ofg are H = L(V X , £) ® F S NS (see [6]). 

Proof. Let H be such a representation of g, then, g_ acts on, but it admits 
a unique irreducible representation: F% s , so H = M <g> F% s , with M a 
multiplicity space. Now, g + acts on H and on J 7 ^^ (corollary 4.26 ), and 
the difference commutes with g_; but g_ acts irreducibly on J-% s , so, the 
commutant of g_ is End(M) <g> C by Schur's lemma. So, g + acts on M, 
and this action is necessarily irreducible. Finally, by unitary highest weight 
context, 3A such that M = L(V X ,£). □ 

Remark 4.36. Using the previous notations, g + acts on L(V\,£) <E> J-f^s as 
B a n = X% + S%, bosons of level d = £ + g. 

Corollary 4.37. From (tp a (z)) and (B a (z)), we generate S a (z) and X a = 
B a — S a a vertex operator superalgebra on H = L(V ,£) <8> with the 
Virasoro vector: 



2^- r -^-2 2(£ + g) 



c = 2| M | 2 = + = | . £ -±kdirn( Q ) 

Definition 4.38. (SuperVirasoro operator) 

Letn = Eafi^iH, r 2 = iE„fi^ andT=(£ + g)-Hr 1 + T 2 ). 
Let G(z) = V(r, 2 z) = E ne z G n iz~ n -* = E ne z+i G n z~»~\ 
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Proposition 4.39. (Super symmetry boson-fermion) 

B a {z)G{w) ~ S .^ W \ 9 and ^ a {z)G{w) ~ cH^"^ 



— w) 2 (-2 — w) 

[G rn ,B a n ] = -ndh a m+n and [G m , <] + = d~^B a m +n 
Proof. ip a 1 Tj = for n > 2 and: 

n+ 2 

(a) V?ri =X« 1 fi 

2 

(b) v?r 2 = JOs^fi - E^ii^n) = l(s^-ij: biC ri b ^_ L r_±n) 

2 22 22 

= s a _ t n 

(C) ^3T! = ij a 3 T 2 = 0. 
2 2 

Sin, X*Ti = for n > 2 and: 

(a) s» Tl = E 6 ^E^^fil 6 ^ 

2 2 

(b) Sfc, = i^^i^ = W^cK^iS^Q + E^S^Q) 

= fE fe)C (r^ + rL)^ | ^ 1 fi = o 

(c) x a n = Et^i^-i^ = iE^Wii^-i" = -^1 

2 2 

(d) X V 2 = Xfr 2 = S-fn = 

(e) Xfn = 



(f) ^r 2 = |E 6 ^|^ = |(^E 6)C r^|^^ + E 6 ^|^^) 
= |(E 6 , C)d r^r^^ + #%fi) = #\n 



22 2 

□ 



Remark 4.40. = G_ m fas lemma 4-22) 
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Lemma 4.41. (OPE and Lie bracket) 

L(z)G(w) ~ + — and [G m , L n \ = (m - -n)G m+n 

(z — w) (z — wy 2 

Proof. L{n)r = L n -\T = for n > 3 and: 

(a) L_ir = R(G') (see L_i axioms and definition 3.52) 

(b) L t = \R(G) (see L axioms) 

(c) l x {t x + r 2 ) = e,^,^ + = E.f_iii(^i + i^jn 



□ 



Remark 4.42. [[A, £] + , C] = [A, [B, C]+] + [5, [A, C]+] 

= [A, [B,C]] + + [B, [A,C}} + 

Lemma 4.43. (OPE and Lie bracket) 

-c 2L(w) c 1 

G(z)G(w) ~ - — ^ — + an rf [G m ,G n ]+ = 2L m+n +-(m 2 --)5 m+n 

(z — w) A (z — w) 3 4 

Proof. By supersymmetry: 

(a) [[G m ,G n ]+,By] = —2rB a mJrnJrT = [2L m+ri) B^] 

(b) [[G m , G n } + , #?] = -2(r + \{m + n))^ +n+r = [2L m+n , 

Then, [[G m , G n ] + — 2L m+n , B%\ = [[G m , G n ] + — 2L rn+n , ipf] = 0. 
Now, (£?"), (ipr) ac ^ hreducibly on H, so by Schur's lemma: 

Now, among the G n T, G-sT is the only to give a constant term and: 
Gsr = (i + g)' 1 £ a G.i^iiX^ + ±S^)n 

= (' + 9)^ EaW + + 5^1)" 

= (£ + ^)" 1 ^m( )(£ + §#)ft = fcfi. 

Finally, by formulas 3.26 and 3.31, fc m>n = |(m 2 — i)5 m+ra . □ 



35 



Summary 4.44. 

T(r\T (in) rsj (c/2) , 4- 2L ( W ). _l L 'M 

Tl \r<f \ G'(w) , |G(w) 
\ / \ / (z— uj) (z—w) z 

and: 

[L m , L n ] = (m - n)L m+n + ^(m 3 - m)5 m+n 
[G m , L n \ = (m — 7p(r m +ri 
[G m , G n ]+ = 2L m+n + |(m 2 — ^)<5 m+n 

3 £ + -g 

L* n = L_ n , = G_ m , and c = - • - dim(g) 
the SuperVirasoro algebra of sector (NS), or Neveu-Schwarz algebra QJiti/2. 

Corollary 4.45. 2Jiti acts unitarily on H = L(Vq,£) <S> J^ns an d admits 
L(c, 0) as minimal submodule containing Q (see definition 2.21 ). 



4.3 Vertex modules 

Remark 4.46. If £ = 0, then A = and L(Vq,0) = C trivial, and what we 
will show is ever proved by the previous section. So, we suppose left* fixed. 



4.3.1 Summary 

Let H = L(Vq, £) ®J~%s-> ^ e vacuum representation of the g-supersymmetric 
algebra g, with it : g — y End(H). 

We have construct the vertex operator superalgebra (H, Q, u, V) with 

V : H — y (EndH)[[z, z^ 1 ]] the state-field correspondance map. 

S = V(H) is generated by (y(^%Q)) a , (ViX^Q))^ and V(jCQ), pairwise 

2 

local, with the operations, (A, B) \— y A n B and linear combinations. 

We write Vty'^z) = £„ eZ ^«+| )*~ n_1 , 

V{X h _$l,z) = tnez^t)^' 1 *mdV(£n,z) = vr(£) (= £Id H ). 
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4.3.2 Modules 

Let H x = L(V\,£) ® J^ s a unitary highest weight representation of and 
tt a : g — > End{H x ) 

Remark 4.47. H x is itself the minimal subspace containing fl x and stable 

by the action ofg: Q x is the cyclic vector of H x . 

On the vacuum representation, Q is called the vacuum vector. 

Lemma 4.48. (E^z^^i)^" -1 )., (Enez ^(X^' 1 ), andn x (C) are 
pairwise local (definition 3.20). 

Proof. Let A, B E g[[z, z^ 1 ]]; n and ir x are faithful representations of g. 
Then, as formal power series, with iVeN and e £ Z 2 : 
(z - w) N ir(A(z))n(B(w))c, d) 

= (-l) £ (z-w) N (iv(B(w))iT(A(z))c,d) Vc,deH if and only if 
(z-w) N (n x (A(z))ir x (B(w))e,f) 

= (-l) £ (z - w) N (7r x (B(w))7r x (A(z))e, f) Ve, / G H x 

We generate inductively an operator D decomposing H x into ® H x by: 
Dil x = 0, D^-J. = V-mDt, + mr-m^ DX b _J = X b _ n D^ + nX b _J, £ e H x , 
clearly well defined; but, : H x ->■ # A „ m and X h n : H x ^ H x _ n , so, by 
lemmas 3.35, 3.36, 3.37, the result follows. □ 

Lemma 4.49. D = Ln — n T x , , 

mt/i cy x the Casimir number ofV\ (see corollary 4-3) 

Proof. [L ,ip%] = [■^iV'n] an d [-^o,-^n] = [D,X%], so, by irreducibility and 
Schur's lemma, L — D e CId H x. Now, Dtt x = and L fi A = hQ x ^ in 
general. Now, writing explicitly L with formula 3.26, we obtain: 

2{i + g )L n x = Ea( x o) 2fiA = cn x = c Vx n x □ 
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Theorem 4.50. QJiti acts unitarily on H x = L(V\,£) ® J^g 
and admits L(c, h) as minimal submodule containing Q x , 
with c = | • ^^-dim(Q) and h = 2 (e+ g ) ■ 

Proof. We generate S x from generators of previous lemma, with the opera- 
tions (A, B) i — y A n B (now available) and linear combinations. The formula 
3.26 is independant of the choice between the faithful representations n and 
7r A . So, we identify S and S x , which gives the isomorphism i : S — > S x ; we 
compose it with the state-field correspondence map V : H — > S to give: 

V x : H — ► (EndH x )[[z, z- 1 ]] m 
a !—)• i(^(a)) 1 j 



Then, Engz^^i)^"" 1 = ^ A (f| fi .4 
Enez^iK)^- 1 = V\X h _ x to,z) and vr A (£) = V x (CQ,z) 

Now, l / (a)„l / (6) = V(V(a,n)b) Va, 6 G if, so, by construction: 

V x {a) n V x (b) = V x (V(a,n)b) (2) 

Then, V x (u,z) = J2L n z~ n - 2 , \/ A (r,z) = ^G^a"™" 1 , L* = L_„ and 
= G_ m , with (L n ), (G m ) verifying super Virasoro relations. (3) □ 

Remark 4.51. [L m ,if>%] = -(n+ \m)^ +n and [L m ,X%] = -nX^ +n , so: 
/ lL_ u V x (a,z)] = (V x y(a,z) 

\ [L ,V x (a,z)} = z.(V x )'(a,z)+rV x (a,z) (a e H r ) { ) 

Remark 4.52. V X (Q, z) = Id H \ because n and n x are at same level I. (5) 
Definition 4.53. By (1)...(5), (H X ,V X ) is called a vertex module of (H,V,£l,u). 
We now apply the theorem 4.50 to GKO construction with g = sl 2 . 
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